We use the recently developed variational perturbation theory to continue the renormalization constants of three-dimensional 4 theories to the regime of strong bare coupling g 0 . In this limit, they are found to behave as powers in g 0 , thereby determining all critical exponents. Convergent strong-coupling expansions are found for all renormalization group functions which converge well even in the weak-coupling limit.
I. INTRODUCTION
Some time ago, the Feynman-Kleinert variational approximation to path integrals ͓1͔ was extended to a systematic variational perturbation expansion ͓2͔. For an anharmonic oscillator, this expansion converges uniformly and fast, as e ϪconstϫN 1/3 , in the order N of the approximation ͓3,4͔. The uniformity of the convergence has permitted us to derive convergent strong-coupling expansions from divergent weak-coupling expansions ͓5,6͔. This possibility was, in fact, crucial for understanding the speed of convergence ͓7,8͔, the constant in the above exponential being directly related to the convergence radius of the strong-coupling expansion.
Since convergent strong-coupling expansions can be obtained so easily from divergent weak-coupling expansions, it was straightforward to develop a simple algorithm for finding uniformly convergent optimal interpolations to functions for which one knows both weak-coupling and strongcoupling expansion coefficients ͓9͔. The purpose of this paper is to point out that this algorithm can be used to calculate the behavior of the renormalization constants of threedimensional 4 theories in the limit of infinite bare coupling constant g 0 . Since this appears always in combination with the mass m as g 0 /m, we thereby obtain the zero-mass limit of the theory, and thus the critical behavior of wide classes of many-body systems related to these field theories by universality of infrared behavior. Indeed, we find for the renormalization constants power behaviors in the bare coupling constant. From these powers we extract directly critical exponents seen in experiments.
II. REMINDER OF STRONG-COUPLING THEORY
Let us briefly recall the algorithm developed in ͓9͔, by which a divergent weak-coupling expansion of the type E N (g 0 )ϭ ͚ nϭ0 N a n g 0 n is turned into a strong-coupling expansion E M (g 0 )ϭg 0 p/q ͚ mϭ0 M b m (g 0 Ϫ2/q ) m . Examples treated in ͓9͔ were the anharmonic oscillator which has pϭ1/3, qϭ3 for the energy eigenvalues, and the Fröhlich polaron which has pϭ1, qϭ1 for the ground-state energy and pϭ4, qϭ1 for the mass. For the mass, the summation gave quite a different result than Feynman's, calling for further studies of this system.
As described in detail in ͓10͔, the first step is to rewrite the weak-coupling expansion with the help of an auxiliary scale parameter as
where is eventually set equal to 1. We shall see below that the quotient p/q parametrizes the leading power behavior in g 0 of the strong-coupling expansion, whereas 2/q characterizes the approach to the leading power behavior. In a second step we replace by the identical expression
where we have introduced a dummy scaling parameter K. The series ͑1͒ is then reexpanded in powers of g 0 up to the order N, thereby treating 2 ϪK 2 as a quantity of order g 0 . The result is most conveniently expressed in terms of dimensionless parameters ĝ 0 ϵg 0 /K q and ϵ(1Ϫ 2 )/ĝ 0 , where ϵ/K. Then the replacement ͑2͒ amounts to →K͑1Ϫĝ 0 ͒ 1/2 , ͑3͒ so that the reexpanded series reads explicitly
with the coefficients:
n ͑ ͒ϭ ͚ For any fixed g 0 , we form the first and second derivatives of W N (g 0 ,K) with respect to K, calculate the K values of the extrema and the turning points, and select the smallest of these as the optimal scaling parameter K N . The function
It is easy to take this approximation to the strong-coupling limit g 0 →ϱ. For this we observe that Eq. ͑4͒ has the scaling form
For dimensional reasons, the optimal K N increases with g 0 like K N Ϸg 0 1/q c N , so that ĝ 0 ϭc N Ϫq and ϭ1/ĝ 0 ϭc N q remain finite in the strong-coupling limit, whereas 2 goes to zero
Here c N plays the role of the variational parameter to be determined by the lowest extremum or turning point of c N p w N (c N Ϫq ,0). The full strong-coupling expansion is obtained by ex-
where w N (n) (ĝ 0 , 2 ) is the nth derivatives of w N (ĝ 0 , 2 ) with respect to 2 . Explicitly,
The strong-coupling coupling expansion ͑8͒ with the coefficients ͑9͒, ͑10͒ will be applied to quantum field theory in Sec. VI.
III. CONVERGENCE
The available number of weak-coupling coefficients is limited to Nϭ6 for three-dimensional 4 theories ͓11,12,14͔, and to Nϭ5 for theories in 4Ϫ⑀ dimensions ͓15͔. It will therefore be important to know the specific way in which the approximations W N (ĝ 0 ) approach the correct result W ϱ (ĝ 0 ). This will permit us to extrapolate the results found for Nϭ1,2, . . . ,6 to N→ϱ with some reliability. To do this, we must adapt the discussion for the harmonic oscillator in Ref. ͓7͔ to the general case.
We remove the factor p from the function E(g 0 ), defining the reduced quantity Ē(ḡ 0 )ϭE(g 0 )/ p as a function of the reduced coupling constant ḡ 0 ϵg 0 / q . We further assume the strong-coupling growth g 0 p/q of the function E(g 0 )
to be less than linear, so that Ē(ḡ 0 ) satisfies a oncesubtracted dispersion relation
where disc Ē(ḡ 0 ) is the discontinuity across the left-hand cut in the complex ḡ 0 -plane ͑from below to above͒. An expansion of the integrand in powers of ḡ 0 up to ḡ 0 N reproduces of course the initial perturbation series ͑1͒, where the expansion coefficients are moment integrals over the discontinuity:
The dispersion relation ͑11͒ can also be used to derive moment integrals for the reexpansion coefficients l () in ͑4͒, ͑5͒. For the dimensionless coupling constant ḡ 0 , the replacement ͑3͒ becomes
Because of the prefactor p in Eq. ͑1͒, the replacement ͑2͒ produces a prefactor K p / p ϭ(1Ϫĝ 0 ) p/2 to the function E(g 0 ). For the reduced energy Ê (ĝ 0 )ϵE(g 0 )/K p , which depends only on the reduced coupling constant ĝ 0 , we thus obtain a dispersion relation
͑14͒
This function satisfies a further dispersion relation in the complex ĝ 0 plane. If C denotes the cuts in this plane and disc C E(ĝ 0 ) the discontinuities across these cuts, this dispersion relation reads
An expansion of the integrand in powers of ĝ 0 yields for the moment integrals for the desired reexpansion coefficients l :
The discontinuities in these integrals can be derived from the dispersion relation ͑14͒. By inspecting the function g 0 (ĝ 0 ) in Eq. ͑13͒, we see that the left-hand cut in the complex ĝ 0 plane goes over into cuts along the contours C 1 , C 1 , C 2 , C 2 , as shown in Fig. 1 for qϭ3 where ϭ2/3. A further cut along C 3 is caused by the square root of 1 Ϫĝ 0 in the mapping ͑13͒ and the prefactor of Eq. ͑14͒. Let D (ḡ 0 ) abbreviate the reduced discontinuity in the original dispersion relation ͑11͒:
Then the discontinuities across the various cuts are
For small negative ḡ 0 , the discontinuity is given by the semiclassical limit ͑for a detailed derivation see Chap. 17 in ͓3͔͒, having the general structure
Let us denote by k (C i ) the contributions of the different cuts to the integral ͑16͒. After inserting Eq. ͑20͒ into Eq. ͑18͒, we obtain from the cut along C 1 the semiclassical approximation
For the kth term of the series S k ϵ k ĝ 0 k , this yields the largek estimate
where ␥ϵĝ 0 , and f k (␥) is the function
.
͑23͒
For large k, the saddle point approximation yields from the
The constant Ϫaq/2 in this limiting expression arises when expanding the second term of Eq. ͑23͒ into a Taylor series, (a/␥)(1Ϫ␥)
Only the first two terms survive the large-k limit. Thus, to leading order in k, the kth term of the reexpanded series becomes
The corresponding reexpansion coefficients
have the remarkable property of growing in precisely the same manner with k as the initial expansion coefficients E k , except for an overall suppression factor e Ϫaq/2
, as discussed in Ref.
͓10͔.
To estimate the convergence of the variational perturbation expansion, we note that ĝ ϭ1Ϫ1/K 2 is for large K smaller than unity, so that the powers (ĝ ) k by themselves would yield a convergent series. An optimal re-expansion of the energy can be achieved by choosing, for a given large maximal order N of the expansion, a parameter proportional to N:
Inserting this into Eq. ͑23͒, we obtain, for large kϭN,
The extremum of this function lies at
The constant c may be chosen in such a way that the large exponent proportional to N in the exponential function e f N (␥) due to the first term in Eq. ͑28͒ is canceled by an equally large contribution from the second term, i.e., we require at the extremum
The two equations ͑29͒ and ͑30͒ are solved by certain constant values of ␥Ͻ0 and c. In contrast to the extremal ␥ of Eq. ͑23͒ which dominates the large-k limit, the extremal ␥ in the present limit, in which k is also large but of the same size as N, remains finite ͑the previous estimate held for kӷN͒. Accordingly, the second term (ac/␥)(1Ϫ␥) q/2 in f N (␥) contributes in full, not merely via the first two Taylor expansion terms of (1Ϫ␥)
, as it did in Eq. ͑24͒. Since f N (␥) vanishes at the extremum, the Nth term in the reexpansion has the order of magnitude
͑31͒ According to Eq. ͑27͒, the scale parameter K N grows for large N as
͑32͒
As a consequence, the last term of the series decreases for large N as
͑33͒
This estimate does not yet explain the exponentially fast convergence of the variational perturbation expansion in the strong-coupling limit, observed in ͓6͔. For the contribution of the cut C 1 to S N , the derivation of such a behavior requires including the approach of N to the large-N behavior ͑27͒, which has the same general form as the strong-coupling expansion ͑7͒,
͑34͒
as it turns out with positive cЈ. By inserting this N into f N (␥) of Eq. ͑28͒, we find an extra exponential factor which dominates the large-N behavior at infinite coupling ĝ 0 :
What about the contributions of the other cuts? For C 1 , the integral in Eq. ͑16͒ runs from ĝ ϭϪ2/ to Ϫϱ and decreases as (Ϫ2/)
Ϫk . The associated last term S N (C 1 ) is of the negligible order e ϪN ln N . For the cuts C 2,2,3 , the integral ͑16͒ starts at ĝ ϭ1/ and has therefore the leading behavior
yielding at first a contribution to the Nth term in the reexpansion of the order of
which decreases merely as Eq. ͑33͒ and does not explain the empirically observed convergence in the strong-coupling limit. The important additional information discovered in ͓7,8͔ is that the cuts in Fig. 1 do not really reach the point ĝ ϭ1. There exists a small circle of radius ⌬ĝ Ͼ0 in which Ê (ĝ ) has no singularities at all. This is a consequence of the fact unused up to this point that the strong-coupling expansion ͑7͒ converges for g 0 Ͼg s . For the reduced energy, this expansion reads
The convergence of Eq. ͑7͒ for g 0 Ͼg s implies that Eq. ͑38͒ converges for all ĝ 0 in a neighborhood of the point ĝ 0 ϭ1 with a radius
where ḡ s ϵg s / 3 . For large N, the denominator K q in ĝ 0 on the right-hand side makes ⌬(ĝ 0 ) go to zero as
Thus the integration contours of the moment integrals ͑16͒ for the contributions k (C i ) of the other cuts do not begin at the point ĝ ϭ1, but a little distance ⌬(ĝ ) away from it. If qϽ4, i.e., if Ͼ1/2, the intersection points of the small circle with the cuts C 2 and C 2 have a real part larger than unity. This produces a suppression factor to the previous result ͑36͒ of the integral ͑16͒,
bringing the last term of the series S N to
instead of Eq. ͑37͒. Inserting Eq. ͑40͒, we find that this goes to zero with the same characteristic behavior ͑35͒ as the contribution from the cut C 1 :
Such a behavior characterizes, therefore, the convergence for N→ϱ, which will be needed in Sec. VI to extrapolate finite-N results to N→ϱ.
IV. ADAPTATION TO THE PROBLEM AT HAND
In the examples treated in the original paper ͓9͔, the strong-coupling parameters p and q were known. In the problem here, this is not the case. They can, however, be easily determined. We simply observe that p/q and 2/q can be found from the strong-coupling limits of an infinite set of logarithmic derivatives of W N (g 0 ):
If the parameter p happens to be zero, there is a further sequence of formulas for the parameter q:
Formulas ͑44͒ and ͑47͒ will be crucial to the development in Sec. VI.
V. PERTURBATION EXPANSIONS
We shall apply our technique to the renormalization constants of the 4 theory with the bare Euclidean action
in Dϭ3 dimensions. The field 0 (x) is a n-dimensional vector, and the action is O(n) symmetric. The Ising model corresponds to nϭ1, the critical behavior of percolation is described by nϭ0, superfluid phase transitions by nϭ2, and classical Heisenberg magnetic systems by nϭ3. By calculating the Feynman diagrams up to six loops, one obtains renormalized values of mass, coupling constant, and field related to the bare input quantities by the multiplicative renormalization
The divergences are removed by analytic regularization. In the literature, one finds expansions for certain logarithmic derivatives of the renormalization factors ͑the so-called renormalization group functions͒ up to six loops. Introducing the reduced dimensionless coupling constants ḡϵg/m and ḡ 0 ϵg 0 /m, these can be written as
The function ␤(ḡ) may be considered as a function of the reduced bare coupling constant ḡ 0 . As such it is equal to the logarithmic derivative of the function ḡϭḡ(ḡ 0 ):
The function (ḡ) may then be obtained from the function ḡϭḡ(ḡ 0 ) by the logarithmic derivative
Comparison with Eq. ͑47͒ shows that if ḡ(ḡ 0 ) goes to a constant ḡ* in the strong-coupling limit ḡ 0 →ϱ, the limiting value ϵ(ϱ) plays the role of a parameter of approach 2/q of the strong-coupling expansion of the function ḡ(ḡ 0 ). Similarly we convert Eqs. ͑53͒ and ͑54͒ into functions of the bare coupling constant g 0 : Let us also write down a power series expansion for the function ␥(g 0 )ϭ͓2Ϫ(g 0 )͔/͓2Ϫ m (g 0 )͔ which tends to the critical exponent ␥ of susceptibility. In resummation procedures applied to functions of the renormalized coupling constant g, this series has always been favored over that for (g) since, in contrast to (g), its expansion coefficients of ␥(g) have alternating signs permitting the application of Padé-Borel resummation techniques ͓16͔. For ␥(g 0 ), the series reads 
VI. STRONG-COUPLING LIMIT
We are now ready to apply our theory of Secs. II-IV to these expansions. First we study the ḡ 0 →ϱ limit of the series ͑62͒ for the renormalized reduced coupling constant ḡ. We expect the theory to reproduce experimentally observed scaling laws which means that ḡ should tend to some constant value ḡ→ḡ*. In the notation of Eq. ͑7͒, the parameter p/q for the leading power behavior in ḡ 0 must therefore be equal to zero.
The approach parameter 2/q is unknown. It can, however, be determined from Eq. ͑47͒. Inserting for W N (ḡ 0 ) the function g(ḡ 0 ), we calculate the critical exponent for O(n) symmetric theories with nϭ0,1,2,3, . . . . The highest available approximation 6 is found to have the values given in the last column of Table I. Since N is not very large, the results require a nontrivial extrapolation to infinite N. The functional form of the N dependence was determined in Eq. ͑34͒, predicting the large-N behavior N ϷϪbe ϪcN 1Ϫ
͑66͒
In Fig. 2 
͑67͒
To obtain an estimate of the accuracy of our procedure we calculate once more from the series ͑47͒ for 2/qϭ. Since enters also into the right-hand side of the series via the parameter q, this represents a self-consistency relation which can be iterated until input and output values for agree. The results are shown in Fig. 4 for increasing orders N ϭ2,3,4,5,6, in the Ising case nϭ1. The data points are again I. Our critical exponents in comparison with those obtained by Padé-Borel resummation ͑a͓14͔͒, as well as earlier results, which come from six-loops expansions in Dϭ3 dimensions ͑b͓12͔, c͓13͔͒, or from five-loop expansions in ⑀ϭ4ϪD(d͓21͔,e ͓22͔). For each of our results we give the sixth-order approximation in parentheses to show the amount of extrapolation. The superscripts on the numbers refer to the references specified in parentheses above. The critical exponents of approach can also be calculated in this self-consistent way for the expansions of ␥ and , with results shown in Fig. 5 for nϭ1. The line indicates the value of Fig. 4 , for comparison.Note that the agreement between the self-consistent values with the previous ones determined from the pϭ0 condition can be considered as a confirmation of the hypothesis that the theory does indeed have a definite strong-coupling limit in which ĝ (ĝ 0 ) tends to a constant ĝ * ͑the infrared-stable fixed point in the language of the renormalization group͒. It also implies all other scaling properties to be derived in the sequel.
We now proceed likewise with the function Ϫ1 (ḡ 0 ) ϭ2Ϫ m (ḡ 0 ) to obtain the critical exponents ϭ(ϱ). The extrapolations are done using 2 Ϫ 6 as illustrated in Figs. 6. The results are plotted against n in the second of Figs. 3, and listed in Table I .
The resulting points are seen to merge well with the 1/n expansion for ͓18͔:
The function ␥(ḡ 0 ) is treated somewhat differently. Since ␥ serves to determine the critical exponent via the scaling relation ϭ2Ϫ␥/, and since this combination is very sensitive to small errors in ␥ ͑or ͒,we proceed as follows. After applying the resummation to the series for ␥ and calculating the approximations ␥ 2 , ␥ 3 , ␥ 4 , ␥ 5 , we derive from the scaling relation the exponents 2 , 3 , 4 , 5 , and perform the extrapolation N→ϱ on these values, as illustrated in which agrees reasonably well with the exact expansion Ϸ0.270
It is worth pointing out that one may apply our strongcoupling theory also to 1/n expansions, to find expressions valid for all n down to nϭ0, i.e., we consider 1/n as a variable analogous to g 0 in Sec. II. Taking the 1/n expansion for as an example, we derive a smooth fit from large to rather small n by adding another term Ϫ104/n 4 to Eq. ͑68͒ before going through the resummation. The extra term improves the fit. Since starts out linearly at the ''strongcoupling'' value 1/nϭϱ, the parameters p and q are 0 and 2. The resulting curve is shown in the fourth of Figs. 3. It fits all data, except for very small n.
Also ␥ merges well with its 1/n expansion
as seen in the third of Figs. 3. Finally, we plot for the Ising case nϭ1 the functions (ḡ 0 ),(ḡ 0 ),(ḡ 0 ) for all coupling strengths in Figs. 9-12, together with the diverging perturbative approximations as well as the convergent strong-coupling expansion. We do this successively for each increasing order of the approximations. On a logarithmic plot, the quality of these very different approximations looks surprisingly similar.
Although the functions ḡ(ḡ 0 ),(ḡ 0 ),(ḡ 0 ),(ḡ 0 ) in Figs. 9-12 were derived by a numerical variational procedure, it is possible to write the results down in the form of new strong-coupling expansions which converge for all coupling strengths. We shall demonstrate this only for the Ising case nϭ1, where ϭ0.805. Consider first the function ḡ(ḡ 0 ) where the sixth-order strong-coupling expansion ͑7͒, whose plot is displayed in Fig. 9 , reads explicitly 
͑72͒
For ḡ 0 →ϱ, this goes against the fixed point ḡ* ϭ1.400036164909792, the critical coupling constant. The important observation is now that by going over to a variable x defined by
and re-expanding up to the order x 6 , we obtain a new modified strong-coupling expansion ḡ͑x ͒ϭ1.400036164909792Ϫ2.015076019427151x ϩ0.890254536921696x 2 Ϫ0.322063465947966x
which converges for all ḡ 0 (0,ϱ), where x(1,0). Indeed, when plotting this function in Fig. 9 it falls right on top of the previously calculated curve representing the full variational expression ͑3͒. To verify the convergence for small couplings, we insert xϭ1 and obtain 0.0025, which misses only slightly the free-field value 0.
Similarly we obtain a strong-coupling expansion of the critical exponent (ḡ 0 ). In accordance with the above determination of from a resummation of the series for the inverse Ϫ1 (ḡ 0 )ϭ2Ϫ m (ḡ 0 ) we first derive the strongcoupling expansion for the inverse, and invert the resulting power series. A plot in Fig. 11 is once more indistinguishable from the full variational curve. At xϭ1, this series gives now 0.5127 which is only 2% larger than the free-field number 1 2 . By inverting the series ͑74͒, we find x as a function of the distance ⌬ḡϵḡϪḡ* of the renormalized coupling from its strong-coupling value ḡ* ͑the infrared-stable fixed point of the renormalization group͒ At ḡϭḡ*, it has the value 0.805, as it should. In the weakcoupling limit gϭ0, it is equal to Ϫ0.984, very close to the exact value Ϫ1.
As a check for the consistent accuracy of our expansion procedures we calculate once more from ϭϪ ḡ 0 ␤͑ḡ͒ d␤͑ḡ͒ dḡ 0 ϭ f ͑x͒ x ␤͑x͒ ␤Ј͑x͒. ͑98͒
After expressing x in terms of ⌬ḡ we obtain a series with coefficients very close to those in Eq. ͑98͒, but with a slightly worse weak-coupling limit Ϫ1.08 rather than Ϫ1.
VII. CONCLUSION
Variational strong-coupling theory proves to be a powerful tool for extracting the correct strong-coupling power behavior and critical exponents from 4 theories in three dimensions. In a forthcoming work we shall derive even more accurate results by taking into account information on the large-order behavior of all perturbation expansions involved. This will be done following the strategy developed for simple quantum-mechanical systems in Ref. ͓20͔ . We shall also apply the theory to 4 in 4Ϫ⑀ dimensions, and derive ⑀ expansions for all critical exponents without using the renormalization group.
Note added in proof. Readers who want to perform further calculations with the power series in this paper may download the source files from the APS e-print server under the address aps1997jun25_001. While this paper was in the publishing process the author received a report by A. Pelissetto and E. Vicari ͑University of Pisa Report IFUP-TH 52/97͒ on the renormalization in O͑N͒ models via 1/N expansions containing interesting analyticity observations which should help improving the present theory further. FIG. 13 . Doubly logarithmic plot of the inverse square coherence length Ϫ2 in arbitrary units against the reduced temperature ϵ(TϪT c )/⌬T G , where ⌬T G is the Ginzburg temperature interval where the theory crosses over from free field to critical behavior. The dotted line shows the free-field limit with unit slope, the dashed line the strong-coupling limit with slope 2Ϸ1.252.
FIG. 14. Plot of the convergent strong-coupling expansion ͑96͒ for the beta function ␤(ḡ). The slope at the zero is the critical exponent ϭ0.805. Note that the function converges well also at weak couplings. The curve issues the coordinate origin only by a very small amount.
